
Section 1.9 The matrix of a linear transformation  

Example 1. The columns of  are  and  Suppose  is a linear transformation 

from  into  such that  and . With no additional information, find a 

formula for the image of an arbitrary  in .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Theorem 10. Let  be a linear transformation. Then there exists a unique matrix  such that

In fact,  is the  matrix whose  th column is the vector , where  is the  th column of the 
identity matrix in  :

The matrix  in (1) is called the standard matrix for the linear transformation .
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In general , we have :



Geometric Linear Transformations of  (Check Table 1-4 for more examples)

Example 2. Assume that  is a linear transformation. Find the standard matrix of .

(1)  rotates points (about the origin) through  radians (since the number is negative, the 
actual rotation is clockwise) [Hint: ]

 

 

 

 

 

 

 

 

 

(2)  first performs a horizontal shear that transforms  into  (leaving  unchanged) 
and then reflects points through the line .
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Existence and Uniqueness Questions

Definitions

1. A mapping  is said to be onto  if each  in  is the image of  least one  in . This 
is an existence question.

 

 

 

 

 

 

2. A mapping  is said to be one-to-one if each  in  is the image of at most one  in . 
This is a uniqueness question.

 

 

 

 

 



 

Theorem 11.  Let  be a linear transformation. Then  is one-to-one if and only if the equation 
 has only the trivial solution.

 

 

Theorem 12.  Let  be a linear transformation, and let  be the standard matrix for . Then:
a.  maps  onto  if and only if the columns of  span ;
b.  is one-to-one if and only if the columns of  are linearly independent.

 

Example 3. Let . Show that  is a one-to-one linear 
transformation. Does  map  onto  ?

 

 

 

 

 

 

 

 

 

Example 4.  Describe the possible echelon forms of the standard matrix for the given linear transformation . 
Use the notation of Example 1 in Section 1.2.

 is one-to-one.

 

 

 

 

 

 

 

proof on

page 81

-

( Thm 4 in § 1.4)
⇐ A * = 8 has only trivial
solution

proof on Page 82 .
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The following two questions are left as exercises. I will provide the complete notes for solving them 
after the lecture. 

Exercise 5.  Fill in the missing entries of the matrix, assuming that the equation holds for all values of the 
variables.

 

 

 

 

 

Exercise 6. Show that  is a linear transformation by finding a matrix that implements the mapping. Note that 
 are not vectors but are entries in vectors.

(i) 

 

 

 

 

 

(ii) 
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